The wave functions of the Haldane-Rezayi paired Hall state have been previously described by a non-unitary conformal field theory with central charge c = −2. Moreover, a relation with the c = 1 unitary Weyl fermion has been suggested. We construct the complete unitary theory and show that it consistently describes the edge excitations of the Haldane-Rezayi state. Actually, we show that the unitary (c = 1) and non-unitary (c = −2) theories are related by a local map between the two sets of fields and by a suitable change of conjugation. The unitary theory of the Haldane-Rezayi state is found to be the same as that of the 331 paired Hall state. Furthermore, the analysis of modular invariant partition functions shows that no alternative unitary descriptions are possible for the Haldane-Rezayi state within the class of rational conformal field theories with abelian current algebra. Finally, the known c = 3/2 conformal theory of the Pfaffian state is also obtained from the 331 theory by a reduction of degrees of freedom which can be physically realized in the double-layer Hall systems.
Introduction
The so-called 331 [1] , Pfaffian [2] and Haldane-Rezayi (HR) [3] ν = 1/2 (5/2) quantum Hall (QH) states [4] have been analysed extensively in the recent literature. They are called paired Hall states [5] because they contain two kinds of electrons, carrying spin or layer index, which first bind in pairs and then form incompressible fluids [6] .
One would like to identify the Conformal Field Theories (CFT) [7] corresponding to these states, which describe their low-energy edge excitations [8] . This requires some guesswork and ingenuity for reconstructing the complete Hilbert space from the knowledge of the ground-state wave function and possibly some quasi-particle states. There are well-established procedures which have been used for the spin-polarized single-layer Hall states [8, 4] , but they do not seem good enough for the paired states. In particular, the CFT proposed for the HR state is puzzling for the lack of unitarity [9, 10, 11] , or locality [12, 13] .
In this paper, we present a unified description of the paired Hall states which uses the same conformal fields (or a subset of them) in all three cases. We show that an unitary description of the HR state is possible and that this is given by the same CFT as that of the 331 state; furthermore, we interpret the Pfaffian as a projection of the 331 state, which can be obtained in the limit of low potential barrier between the two layers [5] .
This common CFT description is rather useful for the physical interpretation; moreover, it allows the discussion of the W 1+∞ symmetry of the paired states. This symmetry characterizes the incompressible Hall fluids [14] , and is a definitive building criterion for the CFTs of the hierarchical single-layer states [15] . We show that the W 1+∞ symmetry also characterizes the 331 and HR double-layer states, and that it is broken at the quantum level in the Pfaffian state.
In view of the controversial literature on this subject, it is important to state the hypotheses made in this work: we consider rational conformal field theories (RCFT), whose completeness can be checked by computing their modular invariant partition functions [16] ; we require the unitarity of the theories, because they describe physical excitations propagating at the edge. Moreover, we consider, whenever possible, theories with a (multi-component) abelian current algebra, which possess the W 1+∞ symmetry and can be extended to RCFTs [17] (henceforth called lattice RCFTs).
Therefore, in this paper we specifically prove that there is only one c = 2 unitary lattice RCFT suitable for the HR state -that of the 331 state. In particular, the HR ground state appears as an excited state in the 331 CFT. This result is at variance with the common opinion that these Hall states identify two independent universality classes, with different numerical energy spectrum [3, 18] and topological order [3, 19] . Our result may imply that this is not completely correct, or, alternatively, that the HR state is not described by a lattice RCFT; in either case, the unitarity problem is cleared up. Finally, the Pfaffian state is consistently described in terms of the same 331 conformal fields.
Review of the Haldane-Rezayi State
Here we review the basic characteristics of the model and its available theoretical treatments. The wave function Ψ of a paired QH system of 2N electrons is written as a product of the usual Gaussian factor and an analytic function of the electron coordinates z i and w i of the first and the second layer, respectively (alternatively, of the up and down spin components): In the framework developed in [2] [9] (see also earlier work cited there), the analytic factor Φ is interpreted as the CFT correlation function:
, where φ i is a chiral conformal field of effective charge q i (i = 1, 2) representing the electrons of layer i, and Φ N | is the out state carrying a compensating charge N(q 1 +q 2 ). The holomorphic wave function of the HR state [3] is written as the product, Φ HR (z i ; w i ) = Φ m (z i ; w i )Φ ds (z i ; w i ) , This expression can be viewed, following Ref. [9] , as the 2N-point vacuum expectation value of a pair of Fermi fields ψ ± (z) (ψ ±
(z), the subscript of ψ referring, alternatively to spin projection or layer):
Φ ds (z i ; w i ) = 0|ψ + (z 1 ) · · · ψ + (z N ) ψ − (w 1 ) · · · ψ − (w N )|0 .
(1.5) Equation (1.4) would then follow (in a local field theory with energy bounded from below): (i) from the "quasi-free" anti-commutation relations [9, 10] :
[ψ ρ (z), ψ σ (w)] + = −ε ρσ δ ′ (z − w) , ε ρσ = −ε ρσ , ε +− = 1 , (1.6) where δ(z −w) is the Dirac delta function for holomorphic test functions; and (ii) from the knowledge of the 2-point functions (which restricts the choice of vacuum). We adopt (1.6) in what follows as a phenomenological input. The knowledge of the 2N-point function (1.5) allows to determine the operator content of (the vacuum sector of) the CFT generated by the pair ψ ± (z). To do that we write the determinant in Eq. (1.4) in the form det 1
here the permanent is the symmetrized product of (z i − w j ) −1 which has a non-zero limit
for z i → z, w j → w, i, j = 1, . . . , N. These properties of the 2N-point function (1.4) imply that products of ψ ± (z) give rise to a sequence of composite fields V ±s (V ± 1 2 (z) = ψ ± (z)) of dimension ∆(2s) determined inductively by the operator-product expansion (OPE):
implying,
(1.7) allows to express V ±s as (normal) products of ψ ± and their derivatives:
The values ∆(±1) depend on the choice of the stress energy tensor; however, according to (1.4) their sum is fixed:
In Ref. [9] , it was further assumed that ψ ± are primary conformal fields. This implies that these Fermi fields have conformal dimension one in violation of the spin-statistics relation for a unitary CFT. Indeed, these fields can be found [9, 10, 11] in the non-unitary extension of the Virasoro minimal conformal models [7] with central charge c p = 1 − 6/(p(p + 1)), for the value p = 1, -i.e., c = −2. The non-unitary stress tensor T (z) = :ψ − ψ + : is then invariant under the SU(2)-spin group and so are the OPEs of any number of ψ ± factors (see [9] as well as Section 3 and Appendix B below). It follows that for each 2s = 0, 1, 2, . . ., the composite operators V ±s (1.9) are the lowest and highest spin projection components of a (2s + 1)-dimensional multiplet of fields φ sm (z), m = −s, −s + 1, . . . , s, of the same dimension (1.8) (for ∆(1) = 1):
∆(±2s) = s(2s + 1) (2s = 0, 1, 2, . . .).
(1.11)
This c = −2 CFT is known in the literature as the ξ-η "ghost system" [20] , which is defined by the pair of canonical Fermi fields, 12) of conformal dimensions ∆ ξ = 0, ∆ η = 1. Their normal product defines the current j :
We can set:
Note that the zero mode j 0 acts as (minus twice) the spin projection operator S 3 , which counts the difference between spin up and spin down components
, with S = (S 1 , S 2 , S 3 ) standing for the spin operator. Moreover, the stress tensor T (z) = :ξ ′ (z)η(z): assigns dimension one to ψ ± , and the central charge is c = −2.
According to the Kac determinant formula, the conformal dimensions of the c = −2 primary fields are given by [7] :
In particular, for odd l, l = 4s+1 (2s = 0, 1, 2, . . .), we recover the spin multiplets of integer dimensions given by (1.11). The state of lowest dimension in this theory is the disorder state [9] with ∆ 0 = −1/8, which is a spin singlet; it gives rise to a Z 2 twisted sector in which the field ψ ρ creates double-valued quasi-particles with dimensions ∆ 2n = (n 2 /2) − 1/8. In fact, it follows from (1.16) that:
The appearance of negative norm states, like T (0)|0 , and a negative conformal dimension (
) is certainly untenable from a physical point of view. This non-unitarity problem has been recognized and various solutions have been proposed in Refs. [10, 11, 12, 13] .
In this paper, we choose to relax the assumption that the fields ψ ρ are primary, while keeping, at the same time, the property (1.17) for the quasiparticle excitations. We obtain a unitary theory of the HR model which is based on the correspondence between the Hilbert space and the fields of the c = −2 CFT and those of the c = 1 Weyl fermion theory (see also Refs. [11, 12, 13] ); we keep the expression (1.2-1.4) of the HR wave function while preserving both conformal invariance and modular invariance [16, 21] . Moreover, we can define a hermitean stress tensor which, however, is not SU(2) invariant.
Outline of the Paper
In Section 2, we first introduce a U(1) × U(1) current algebra CFT, whose orthogonal lattice contains a Weyl fermion field and a Laughlin boson. We use it to describe the 331 CFT as a Z 2 orbifold (in the sense of [17] ), whose (Z 2 -even) states possess charge and fermion number coupled by the parity ("projection") rule defined in Ref. [10] . The modular invariant partition function for the 331 RCFT is also obtained in agreement with this rule.
In Section 3, we present the c = −2 to c = 1 correspondence for the HR theory: we first discuss the improvement of the c = −2 stress tensor which leads to a unitary theory and then map the fields and the characters of the current-algebra representations. Furthermore, we find that the c = −2 partition function of the HR model proposed in Ref. [10] is mapped into the 331 one; this shows that the CFT descriptions of the two models coincide, once unitarity is enforced; moreover, we find that the parity rule is the same in the two theories.
In Section 4, we classify all possible U(1) × U(1) lattice current algebras, which can be made with the excitations of the 331 and HR theories (assuming the standard charge-statistics relation for the observable electron-like excitations). We find that there is a unique modular invariant partition function: thus, there is only one possible unitary lattice RCFT which can describe the edge excitations of the HR state, which is the same as that of the 331 state.
In Section 5, we show that the Pfaffian state can be obtained from the 331 model by a generalized gauge reduction: namely, its c = 3/2 CFT of a Majorana fermion and a Laughlin boson [2] is reproduced by projecting out the imaginary part of the Weyl fermion of the 331 CFT. The corresponding reduction at the level of partition functions shows that the Pfaffian theory inherits the parity rule of the two other paired Hall states. This gauge reduction breaks the W 1+∞ symmetry present in the 331 theory and gives rise to non-Abelian statistics for the quasi-particles. In Section 5.2, a similar reduction allows to relate the maximally-symmetric SU(2) × SU(2) c = 3 lattice RCFT of Ref. [22] with the 331 CFT.
In the Conclusions (Section 6), we discuss some problems left open by our analysis, most notably the possible ways to distinguish between the 331 and the HR states. The Appendices contain more technical discussions: Appendix A sums up some basic facts about charge lattices and orbifolds of finite cyclic groups needed in the text. In Appendix B we prove that the SU(2) invariant OPE of ψ ρ (z)ψ σ (w) is independent of the choice of the stress tensor and of the dimensions of these fields. Finally, Appendix C provides a complete list of modular invariants of the orthogonal lattice algebra (Section 2) underlying both the 331 and the HR states. This is used in Section 4 to show that there is a unique lattice RCFT for the 331 and HR states. We shall be dealing in this section with a natural generalization of the 331 model corresponding to the filling fraction ν = 1/m, m even, and to the holomorphic wave function:
where Φ m is the U(1) factor (1.3). This ground state wave function is reproduced in a c = 2 RCFT whose chiral algebra A(L) is an extension of the u(1) × u(1) current algebra by two pairs of oppositely charged fields of charge vectors q 1 and
The resulting RCFT, called the (m + 1)(m + 1)(m − 1) model, can be constructed from the following observation: we can embed the lattice L in a finer, orthogonal one, such that the corresponding conformal theory is the direct product of a Weyl fermion and a Laughlin anyon with ν = 1/m (Fig.  1) . This basis will give the natural description for the quasi-particle excitations of all the paired Hall states, which will only differ in the treatment of the neutral fermionic factor. 
while A(L) appears as the sub-algebra of Z 2 invariant elements of A m,1 (the fixed points of α). It is generated by the products of commuting fields:
The lattice L = Zq 1 + Zq 2 is identified as a sub-lattice of Γ m,1 by setting,
(This is a necessary condition for the lattice L to be a sub-lattice of index two of Γ m,1 .) (b) The vertex operator E g (z) is constructed in the standard fashion from the electric current J(z) (see Appendix A) and satisfies the OPE:
The second u(1) current (commuting with J) is the counterpart of the "spin current" (1.14) in the unitary c = 2 theory:
with both j and J normalized by 0|j(
12 . The automorphism α[A], A ∈ A m,1 is defined by:
). The property (2.4) is implied by (2.9) (in view of (2.7) and (2.8)). The invariance of (2.5) is then obvious. Remark 2.1 This provides a simple example of the Z 2 orbifold construction [17, 23] ; in the present case, the orbifold actually corresponds to a manifold (with no singular points) because both u(1) currents are invariant under the parity operation.
Superselection Sectors: Spectrum of Charges and Dimensions; Partition Function
We proceed to studying the positive-energy representations of A(L) which define the superselection sectors for our RCFT and are equipped with the fusion rules corresponding to the addition of charges.
Proposition 2.2 (a) The superselection sectors H λ of the A(L) theory are labelled by the elements of the cyclic group,
where L * is the lattice dual to L:
The (visible-in the terminology of ref. [22] ) electric charge vector Q, whose square gives the filling fraction of the model, belongs to the orthogonal sub-lattice Γ *
The cyclic group (2.10) is generated by either of the four cosets ±q * i + L. 
where
and we used the notation Table 1 , we list the representatives of each coset (λ) = λq * 1 + L along with the corresponding electric charge and conformal dimension.
The periodicity condition: 16) confirms that there are precisely 4m different characters χ λ (2.14). We also note the symmetry property:
which clarifies, in particular, the observation that the cosets (±λ) in Table 1 give rise to the same conformal dimension. 
The partition function of any RCFT is given by the quadratic form [7] :
where the chiral (resp. antichiral) factors χ(χ) pertain to the outer (inner) edge of the annular quantum Hall sample [16] . The integer coefficients N λλ are obtained by the conditions of modular invariance of Z which are specific for the quantum Hall systems. They have been formulated in Ref. [16] and analyzed for lattice theories in Ref. [21] ; Z should be invariant under the transformations S and T 2 which generate a subgroup of SL(2, Z), as well as under the U and V transformations specified below.
The SL(2,Z) transformation properties of K λ ,
imply the following transformations for χ λ :
The diagonal partition function:
is then invariant under (2.19) as well as under the ζ-shift U and the spectral flow V :
This diagonal partition function has the standard form for a lattice RCFT discussed at length in Refs. [16] [21]. Let us briefly recall here the physical meaning of these modular invariance conditions [16] : the T 2 (resp. U) conditions require that the observable electrons have half-integer spin (resp. integer charge); S (resp. V ) are self-consistency conditions for the completeness of the excitations under the change of temperature (resp. electric potential).
In the following, we shall consider the modular invariance of the partition function as part of the building criteria; this leads to the following postulate:
P1.The partition function of the RCFT describing a fractional QH system should be invariant under (2.19) and (2.21) .
In the following, we are mostly interested in the 331 theory, corresponding to m = 2; in Section 4 and Appendix C, we prove that the partition function (2.20) is the unique solution to the modular invariance conditions P1.
An explicit expression of the 331 partition function (2.20), m = 2, is useful for the following discussion:
(we used the periodicity condition (2.16)). This expression coincides, term by term, with that obtained in Ref. [10] , for ζ = 0 (see their Eq. (4.20)), by taking into account the symmetry (2.17) for the last two terms.
SU(2) Invariance versus Unitarity in the
Haldane-Rezayi Model: the Mapping from c = −2 to c = 1
The four-point function of the fermionic field ψ ρ , ρ = ±1/2, appearing in the HR wave function (1.4) and (1.5) can be written in a manifestly SU(2) invariant form:
.
(3.1) (Note that it is only non-vanishing for ρ 1 + ρ 2 + ρ 3 + ρ 4 = 0 and then the right hand side of (3.1) involves two non-zero terms.) It follows that the OPE of two ψ fields can also be written in an SU(2) covariant form (see Appendix B). We stress that this OPE just follows from the expression for the 2N-point correlation function: it does not use the Virasoro properties of the fields; in fact, it does not require the knowledge of the stress energy tensor (and admits different CFT implementations). Keeping the first three terms in the small distance expansion we can write (using (B.2) and (B.14)):
where T and V are composite fields of ψ ρ ,
(cf. (1.9)). They satisfy:
5) where the non-zero elements of G ab (for a, b = 0, ±1) are G 00 = −1 and
A salient feature of this OPE is the absence of the current j (1.14) from the right hand side of (3.2); however, it will reenter our discussion when we impose unitarity.
Other Choices of the Stress Tensor
If we now assume that ψ ρ (z) are primary fields (of dimension 1), we should identify T with the stress tensor of the theory; then, we arrive, in agreement with [9] , at a non-unitary conformal model with c = −2 (indeed, one identifies the coefficient −1 in front of T in the right hand side of (3.2) with 2∆/c, yielding c = −2 for ∆ = ∆(±1) = 1 [7] ).
One can, however, preserve conformal invariance without allowing for negative norm squares and negative dimensions. We remark that the canonical anticommutation relations (1.12) and the two-point function (1.13,1.14) are sufficient for determining the HR wave function (1.4). These relations give room to a family of stress tensors [20] :
where T 0 ≡ T . The dimensions of ξ(z) = ξ(z, κ) and η(z) = η(z, 1 − κ) become κ and (1 − κ), respectively. The current anomaly and the Virasoro central charge depend on κ:
Clearly, ψ − = ξ ′ (1.15) is only primary for κ = 0, i.e., c = −2, which accounts for this choice in [9, 10, 11] ).
Here we remark that there is a unique unitary point, κ = 1/2, c = 1, in which the current is primary, and we can construct a model for the HR state satisfying all desiderata listed in the Introduction. In this case, we can identify ξ-η with a pair of conjugate Weyl spinors:
furthermore, the stress tensor (3.6) takes the canonical form,
The identification (3.9a) implies a change of hermitean conjugation, which is only possible at κ = 1/2, where ξ, η have the same dimension. For κ = 1/2, we had instead η * = η and ξ * = ξ. Note that the current j(z) (3.7) is only hermitean with respect to the new conjugation rule (3.9a).
The SU(2) invariant tensor T (z) appearing in the OPE (3.2) becomes now non-hermitean: in terms of modes, setting T (z) = n∈Z L n z −n−2 and
The tensor T (z) is an SU(2) singlet, while the unitary one, T (z), is not, because j 0 ∝ S 3 as discussed in Section 1.2. Remark 3.1. The inner products of u(1) ground states |c, σ , where σ is the eigenvalue of j 0 , and the behaviour of j n under conjugation depend on c. Indeed, the properties of the vacuum ket | − 2, 0 and of its bra counterpart are dictated by the expression (1.12) for the ξ-η two-point function and the mode expansions:
Furthermore, for c = −2, the independent hermiticity of ξ and η implies the following conjugation properties of the current:
As a corollary, there are different bra-ket couplings in the two cases:
In particular, the bra counterpart of the ket vacuum | − 2, 0 is −2, 1| both being annihilated by the c = −2 Virasoro energy
It is the presence of a second conjugation for c = 1 (which, incidently, does not change the hermiticity of L 0 ) which renders the c = 1 model unitary. It is remarkable that this c dependence of inner products and conjugation does not affect the correlation functions of charged fields. Remark 3.2. Lee and Wen [12] (building on a development in [10] ) propose a different way out of the unitarity problem. They abandon the CFT calculations and give instead an explicit construction of the Fermi fields in (1.5):
where c nρ satisfy canonical anticommutation relations, which imply (1.6) (for ψ ± = ψ ↑↓ ). The Hamiltonian of the system is defined by the manifestly SU(2) invariant expression:
(but no attempt is made to introduce a hermitean stress energy tensor). H and ψ ρ are found to satisfy the standard commutation relations for a dimension 1 field:
(Incidently, the expression (3.15) for a pair of Fermi fields of integer dimension is a special case of a procedure proposed in Ref. [24] to circumvent the spin-statistics theorem in any number of space-time dimensions.)
The fields ψ ρ (3.15) -much like ours, (1.15)(3.9)-are not conjugate to each other. The SU(2) symmetry, however, has a more fundamental status in [12] : the Hamiltonian (3.16) is SU(2) invariant, the fields ψ ↑ and ψ ↓ (3.15) have the same dimension 1. What we regard, on the other hand, as a shortcoming of this model displayed is its non-locality whenever the fields hermitean conjugate to (3.15) are included; indeed, while:
one has:
Operator Correspondence between the c = −2 and c = 1 Theories
We relate the c = −2 and the c = 1 models by identifying their u(1) currents. Noting that Eq. (3.6) expresses, for κ = 0 and 1/2, the corresponding stress energy tensors T and T in terms of j, we consider the u(1) extension of the c = −2 Virasoro algebra Vir(-2) and compare it with the corresponding known u(1) extension at c = 1. Next, the Vir(-2) primary field
δ(z − w); hence, it isn't primary with respect to the current algebra. As a result, it is not primary with respect to Vir(1) either. On the other hand, the u(1)-primary fields for c = −2 are also u(1) primary for c = 1. 
moreover, φ σ satisfies the Knizhnik-Zamolodchikov equation [7] ,
The Vir(1) dimension, on the other hand, is symmetric under charge conjugation:
The proof uses standard current algebra techniques (see, e.g., [7] ). We remark that the dimension (3.17) of the V ir(−2) fields reproduces the Kac formula ∆ l (1.16) for l = 2σ − 1; however, we find that only a subset of the degenerate V ir(−2) fields (forming SU(2) multiplets) satisfy the charge-dimension relation. A complete set of u(1)-primary fields (which are single-valued in the vacuum sector) is given by:
Each u(1) primary φ −σ can be identified with the lowest spin-projection member φ s,−s of the SU(2) spin multiplet φ sm , 2s = σ, which was discussed in the Introduction (see the text preceding Eq.(1.11)). All other fields φ sm , m = −s, are still Vir(-2) primary fields but are not u(1)-primary (and not even quasi-primary with respect to Vir(1)). In order to construct an RCFT involving the series (3.20) we consider the extended chiral algebra A(c, σ
2 ) for both c = −2 and c = 1, which is generated by the σ = ±2 local Bose fields:
It is the even part of the superalgebra S(c) of the ξ-η pair. The bosonic algebra A(c, 4) has 4 irreducible representations (with energy bounded below) whose state spaces H (c) σ split into infinite direct sums of irreducible u(1)
The integer "charges", σ = 0, 1, correspond to the Neveu-Schwarz sector of S(c);
label the Ramond sector. Eqs. (3.22) and (3.10) for n = 0 allow to compute the c = −2 characters in terms of the standard c = 1 lattice characters,
where K λ (τ, ξ; M) is defined in (2.15).
Indeed, we have, in view of (3.10),
This correspondence between the c = −2 and c = 1 dimensions ∆ (c) σ and characters χ (c) σ is summarized in Table 2 ; the "index shift" for the characters (K l (τ ; 4) → K l+1 (τ ; 4)) is graphically represented on Fig. 2 . Furthermore, in Ref. [10] , a partition function for the c = −2 CFT has been proposed (see their Eq. (4.16)). This can be written in our notation as follows:
This expression is not modular invariant; however, under the c = −2 → 1 mapping this remarkably becomes the 331 partition function (2.22) found in Section 2:
This shows that the CFT for the HR state proposed in Ref. [10] , once made unitary, becomes the same as the 331 CFT. Furthermore, the parity rules coupling neutral and charged excitations is the same in the two Hall fluids. Actually, the above mapping amounts to a redefinition of the energy and of the scalar product on the same set of states (see also Refs. [12, 13, 25] ). Table 2 : The c = −2 ⇐⇒ c = 1 correspondence
The correspondence between the dimensions in the two models is given by: 
Double Layer States
In the previous section we have shown that the 331 model and the (unitarized) HR model of Ref. [10] share the same partition function and therefore have the same RCFT description. Nevertheless, we have not so far excluded the possibility of other modular invariants made by the same basis of states which could correspond to an alternative RCFT for the HR theory. The construction of the 331 partition function in Section 2 shows that its chiral building blocks (2.14) are expressed as sums of products of A(Γ 8 )-and A(Γ 4 )-characters corresponding to the orthogonal lattice
This orthogonal basis of states allows, in principle, for other RCFTs with different couplings between neutral and charged sectors, i.e. with different parity rules. We have the following result.
Theorem 4.1 There are 7 distinguishable RCFT models with (c = 2 extensions of the) chiral algebra A(Γ 8,4 ) that have modular invariant partition functions (see P1 in Section 2.2). Six of them factorize into products of neutral and charged parts
where 6) and
. The only non-factorizable one is Z 331 (2.20).
Remark 4.1.
Here and in what follows we deal exclusively with physical partition functions in which all characters enter with non-negative integer multiplicities and the vacuum character appears with multiplicity one (cf. Refs. [16, 21] ). A proof of Theorem 4.1, based on ref. [21] , is given in Appendix C. We shall analyze the seven RCFT singled out by the above theorem in order to select those which can describe the ν = 1/2 state. To begin with, we note that all 7 partition functions contain a pair of fields with the properties of the electrons in the two layers,
of charges q i with Gram matrix and electric charge:
can be identified with E q i (z) in the notation of Appendix A). This has been made explicit in Eq. (2.5) for the Z 2 orbifold model of partition function Z 331 (2.22). Such fermion fields also belong to the chiral algebra of the Z 2,1 model (Eq. (4.5)) and to suitable extensions A = A(Γ phys ) of the lattice chiral algebras A(Γ), Γ = Γ 2.4 µ ,4 ν , µ, ν = 0, 1, corresponding to the other six cases. Here Γ phys is an integral extension of Γ satisfying [22] :
In fact, if we exclude the case Γ phys = L ⊃ Γ 8,4 which naturally leads to Z 331 for all 3 lattices (Γ = Γ 8,4 , Γ 8,1 , Γ 2,4 ), Γ phys coincides with the maximal integral extension Γ 2,1 of Γ; this contains two charges e 1 and e 2 of lengths 2 and 1, respectively (corresponding to the fields E ± √ 2 (z) and ψ ( * ) of (4.7)) and hence their sum and difference q 1,2 = e 1 ± e 2 satisfy (4.8). There are, however, important distinctions between the Z 331 model and the models with factorizable partition functions (4.2-4.5). The common factorizable extensions Γ 2,1 of the three Γ involves a pair of Fermi fields ψ ( * ) of dimension 1/2 -smaller than the dimension 3/2 of the basic electron fields ψ i . Moreover, all factorizable models contradict a natural postulate about the charge-statistics relation [15] [22] .
P2. If Q is the electric charge vector (cf. (2.12)), then there exists a q
′ ∈ Γ phys such that (Q|q ′ ) = 1 and for any q ∈ Γ phys we must have:
(i.e., Q is an odd vector with respect to Γ phys in the terminology of ref. [22] ). This postulate states that there exists an electron excitation in the spectrum and that all observable charged excitations are made out of electrons.
Thus the two postulates P1 and P2 together with the requirement:
yield Γ phys = L (2.6), i.e., a unique lattice CFT with partition function Z 331 .
Gauge Reductions

The Pfaffian State as a Projection of the 331 State in the Low-Barrier Limit
The c = 3/2 Pfaffian state [2] could describe a double-layer sample in the particular limit in which the tunnelling amplitude between the layers is large and the two species of electrons become indistinguishable [5] . This limit can be described in CFT by performing the following (generalized) gauge reduction on the 331 CFT of distinguishable electrons. Splitting the Weyl spinor ψ into real and imaginary Majorana components ϕ 1,2 (ϕ * j (z) = ϕ j (z)):
we observe that the two layers just differ by the sign of ϕ 2 ; thus, in the limit of low potential barrier between the two layers, the imaginary part ϕ 2 of ψ should be "gauged away". This is achieved by the usual coset construction [26] , which consists first in decomposing the stress tensor in two parts, as follows:
The last term is then projected out, leading to a c = 3/2 CFT. The resulting theory can once more be viewed as a Z 2 orbifold -this time the chiral algebra A P f appears as the Z 2 invariant part of the tensor product algebra A(Γ 2 ) ⊗ A Ising (ϕ 1 ). The Pfaffian ground state wave function is fully antisymmetric [2] :
where Φ m is the usual Laughlin factor (1.3) and the Pfaffian is,
The resulting CFT exhibits some interesting features and deserves a special attention. The total antisymmetry of the wave function signals the fact that the electrons of the two layers are indeed indistinguishable. The neutral part (5.3) of the wave function appears as the vacuum expectation value of a product of free Majorana fermions which generate the Neveu-Schwarz sector of the c = 1/2 Ising model [7] . The Pfaffian model has topological order 6. The resulting representation spaces H λ (λ = 0, ±1, ±2, 4) have lowest conformal weights: 5) and the same charges as the 331 model -see Table 1 . The characters ch λ are expressed, in parallel with (2.14), in terms of products of the Ising characters χ ν , ν = 0, 1, 2 and the characters K l (τ, 2ζ; 8) of the 331 CFT:
The modular invariant partition function of the Pfaffian state is obtained by the diagonal quadratic form in the basis (5.6):
This coincides with the expression proposed in Ref. [10] (Eq.(4.13)); we have verified that it satisfies the modular conditions (postulate P1); in particular, the Pfaffian S matrix,
(5.8) has dimension 6 × 6; this matches the topological order 6, in agreement with the general arguments of Ref. [16] .
It is instructive to see the gauge reduction from the 331 CFT to the Pfaffian in the partition functions. Using the Jacobi identity, the neutral characters K l (τ ; 4) in the 331 partition function (2.22) can be written in fermionic Fock-space form:
The projection of one Majorana fermion can be realized by eliminating the squares in these characters, i.e.,
Moreover, only one for each pair of twisted sectors of the 331 CFT survives in (5.6). After these transformations the 331 partition function (2.22) is seen to become the Pfaffian one (5.7). It follows, in particular, that the Pfaffian theory inherits the parity rule of the 331 state. The quantum dimension [27] of the representations (±1) (of characters (5.6b)) is √ 2 signalling the presence of a non-abelian (braid group) statistics for quasi-holes [2, 28, 18] . The corresponding fusion rules [7] read: One may speculate that we observe here a manifestation of a more general phenomenon: the non-abelian statistics comes from a gauge reduction (in this case the projection ϕ 2 → 0) of a lattice abelian model. The U (1) n lattice models possess the characteristic W 1+∞ symmetry of the incompressible quantum Hall fluids under area preserving diffeomorphisms [14] . This has been found to be a crucial feature of the CFT describing the single-layer hierarchical Hall states [15] . Therefore, it seems natural to expect it to be present in the paired Hall states as well. However, the Pfaffian state is not described by a W 1+∞ CFT; this is signalled by the fact that its central charge c = 3/2 is not an integer [15] . We thus see that the W 1+∞ symmetry is broken by the gauge reduction, which is a quantum effect occuring in the low potential barrier limit of a two-layer system.
It is important to remark that the W 1+∞ symmetry is still present at the semiclassical level, which corresponds to the limit N → ∞ [14] ; actually, in this limit, the Pfaffian wave function (5.4) is dominated by the Laughlin factor (angular momentum of order O(N 2 )), while the Pfaffian is a subleading O(1/N) relative correction. The dominant term corresponds to the lattice RCFT which is W 1+∞ symmetric.
Maximally Symmetric c = 3 Description of Paired Hall States
Until now we restricted our attention to rank 2 charge lattices which correspond to central charge c = 2. It seems natural to assume that the charge lattice associated with a QH state should have minimal possible rank. From this point of view it may appear superfluous, once we have a satisfactory description of the 331 state (2.1) in terms of the c = 2 RCFT of Section 2, to search for higher rank lattices in connection with this state. It has been argued, however, by Fröhlich et al. (see Sections 5 and 7 and Table  (B. 2) in Appendix B of the second of Ref. [22] ), that a rank 3 lattice provides a "maximally symmetric" RCFT for this ν = 1/2 state. It involves an SU(2) ×SU(2) current algebra symmetry corresponding to spin rotation and layer; it is realized by a pair of Weyl fermions which are intertwined with the Laughlin boson. We shall also demonstrate that the c = 2 CFT considered in the Sections 2 appears as a U(1) gauge reduction of this one, by projecting out the difference of the two Weyl currents. This identifies layer and spin quantum numbers of excitations, yielding the 331 CFT. In Ref. [22] , the chiral QH lattice, -i.e., the pair (Γ, Q), is defined in a normal basis as follows:
The structure of superselection sectors and their fusion rules is similar to that of the 331 model. We have:
this shows [16] that the topological order is again 8. In Table 3 , we display representatives of the non zero-elements of the additive group Γ * /Γ (in parallel to the basis of L * /L given in Table 1 ). Table 3 : Superselection sectors for A(Γ)
We note that the dimensions ∆ 2n corresponding to the untwisted sector of even charge cosets (∆ 0 = 0, ∆ ±2 = 1/4, ∆ 4 = 1/2) coincide precisely with those of the Z 4 subgroup of L * /L given in Table 1 for m = 2 and λ = 0, ±m, 2m. The same is true for the minimal (absolute) values of the inner products of Q with vectors in each such coset, listed in the third column of Table 3 . In both cases, the smallest positive (fractional) electric charge of a quasi-particle is 1/4. The lattice Γ (5.12) obeys the postulate P2 and the electric charge satisfies (4.8) (|Q| 2 = ν = 1/2). In order to verify this statement we pass from the normal basis (5.12) of Γ to its symmetric basis [22] :
characterized by,
The resulting RCFT with chiral algebra A(Γ) can again be viewed as a Z 2 orbifold of a tensor product algebra corresponding to the orthogonal integral lattice Γ 2,1,1 (that extends Γ):
Indeed, if we introduce the current: 16) then the inner automorphism α of the extended chiral algebra given by The characters χ Γ λ (τ, ζ) of the irreducible representations of the chiral algebra A(Γ) are given by the following counterpart of (2.13) and (2.14)
where the K-functions are again given by (2.15) . The proof of (5.18) is completely analogous to that of (2.15) given in Appendix A.
We end up once more with a diagonal modular invariant partition function of type (2.20) ,
In addition, there is an su(2) ⊗ su(2) current subalgebra of A(Γ) generated by the charged currents E ±α i (z) satisfying: 20) where J α are the corresponding Cartan currents which commute with the electromagnetic (u(1) -) current J Q (z) (defined in (5.16) ). It provides a local realization of the SU(2) spin ×SU(2) layer symmetry of the model (justifying the term "maximally symmetric" of [22] ). The rank 2 (A(L)) realization of the ν = 1 2 state, given in the preceding sections, is recovered if we gauge the u(1) current: 21) generated by the pair of conjugate Weyl spinors,
In particular, the new stress tensor is:
where {J i } and {J i } are dual bases in the Cartan subalgebra of A(L) (cf. (A.12)). T L (z) is obtained from the stress tensor T Γ (z) of A(Γ) by subtracting the Sugawara contribution of I(z):
In other words, A(L) is obtained from A(Γ) by gauging out the second factor in the extended algebra, 25) corresponding to the lattice (5.15) and then taking the Z 2 orbifold. Let us finally remark that the choice between this c = 3 models and its 331 reduction should be decided by experiment.
Conclusions
We presented a unified description of the double-layer ν = 1/2 Hall states which was based on two assumptions: (P1) the use of lattice c = 2 CFTs with modular invariant partition functions; and (P2) the usual charge -statistics relation for the observed electron-like excitations.
Our analysis has singled out a unique c = 2 RCFT which corresponds to the already proposed model for the 331 state. We have shown that the c = −2 CFT previously proposed for the HR state is in fact equivalent to the 331 CFT, which is the unitary description of the same set of states. The result has been obtained by a one-to-one mapping between the c = −2 and c = 1 CFTs (Section 3). Furthermore, in Section 4 we proved that there are no alternative lattice RCFTs for the HR state which are made of the same chiral building blocks (e.g., there are no alternative parity rules for combining the fermion number and the charge).
The Pfaffian state has also been related to this unique CFT by a gauge reduction which has physical interpretation in the double-layer geometry. This projection eliminates the fermionic U(1) current and breaks the W 1+∞ symmetry at the quantum level; the parity rule for the excitations remains the same.
In our description, the d-wave spin-singlet part of the HR wave function (1.4) is represented in terms of the c = 1 Weyl fermion as follows:
The physical electron fields can also be written:
here, we have used the K-Z equation [7] to substitute the derivative of ψ * by its product with the current j, and ψ 1 and ψ 2 are the electron fields of the 331 state in Section 2.
Equations (6.1,6.2) show that in our unitary description the HR ground state is an excited state of the 331 CFT. Moreover, it has the same topological order 8 (for m = 2, i.e., ν = 1/2) and its excitations obey abelian statistics as in any lattice RCFT. These results are conclusive in the framework of lattice RCFTs.
On the other hand, there are arguments in the literature in favour of distinguishing the HR from the 331 state:
• There is a wide spread opinion that the HR quasi-particles obey nonabelian statistics [9, 10, 12, 18] .
• The wave functions for the excitations of 2n quasi-holes on the sphere are represented by symmetric polynomials spanning a 2 2n−1 dimensional space for the 331 model and a 2 2n−3 dimensional one for the HR state [18] .
• The topological order of the HR state has been found to be 10 by constructing its ground-state wave functions on the torus [3, 19, 18] and by numerically diagonalizing the energy spectrum [3] .
Finally, the unitary description of the HR state in this paper does not explain the stability of the HR ground state, which can naively decay in the 331 ground state. Possible solutions to these problems might be found by describing the HR with other, non-lattice conformal theories; for example, orbifold theories obtained from the 331 RCFT, which give rise to non-abelian statistics. Furthermore, other quantizations of the original ξ-η system might be possible based on a careful analysis of the zero modes, as suggested in Refs. [20, 11] . These issues are left for future investigations.
group Γ * . The quotient Γ * /Γ is a finite abelian group (a product of cyclic groups) of order |Γ|:
Let L be a sub-lattice of the integral lattice Γ. Then Γ * ⊂ L * and the finite abelian groups Γ/L and L * /Γ * are isomorphic:
To each integral lattice Γ there corresponds a chiral vertex algebra A(Γ) (see, e.g., Section 1.2 of [17] and references therein). It involves, to begin with, r linearly independent u(1) currents
. . , r} of Γ) such that:
It defines a free Bose field subalgebra A r of A(Γ). We consider a (reducible) positive energy vacuum representation of A r in a Hilbert space H Γ that splits into an infinite direct sum of irreducible A r modules H v with distinguished cyclic vectors |v (v ∈ Γ):
To each (u ∈ Γ) we associate a unitary shift operator E u acting in H Γ such that:
The factor ε(u, v) takes values ±1. It is a 2-cocycle, -i.e.,
and satisfies
thus guaranteeing the normal spin-statistics relation for different fields.
To each vector v = v i e i in the real r-dimensional space R r we associate a u(1) current J v by:
If v ∈ Γ then there exists a local (Bose or Fermi) charged field E v (z) such that:
(Although the operator U depends on the choice of representative u * in the coset u * + Γ * the automorphism α u * of A(Γ) does not.) For v ∈ L(⊂ Γ) (u * |v) ∈ Z so that E v is unaltered by the automorphism α u * in (A.16). We are now prepared to apply Proposition A1 to the pair L ⊂ Γ m,1 ≡ Γ m ⊕ Γ 1 of integral lattices studied in Section 2. In this case: 17) and the non-trivial automorphism α is given by (2.4) ; note that the coset L * /Γ * m,1 can be represented by either of the four vectors ±q * i and we have, 18) in the notation (2.7-2.9).
We shall now sketch a derivation of the formula (2.14) for the character of the representation (λ) = λq * 1 + L of the orbifold algebra A(L). and the visible charge operator
Proof. Substitute H λ by the direct sum (A.15),
The contribution of each term to the trace (the sum over the currents' ex-
(u+λq * 1 ) 2 +ζ(Q|u+λq * 1 )} where Q is given by (2.12) . Noting that n 1 +n 2 and n 1 −n 2 have the same parity we split the resulting double sum in two terms: one with n 1 + n 2 = 2n, n 1 − n 2 = 2n ′ and another with n 1 + n 2 = 2n + 1, n 1 − n 2 = 2n ′ + 1 . The first of these terms gives the first summand in (2.14): Similarly, the second one reproduces the second term, K λ+2 (τ ; 4)K λ+2m (τ, 2ζ; 4m), thus completing the proof of the proposition.
A different method of computing ch λ L (τ, ζ) (and hence of proving Proposition A2) using technique of orbifold theory [17] is provided in [29] .
The proof is based on the expansion:
C n F (n, n; 2n; η) , (B.12)
for C n satisfying the recurrence relation, n−1 l=1 C l+1 (2l + 1)!(n − 2)!(n − 1)! (l!) 2 (n − l − 1)!(n + l)! = 1 , which is solved by (A.9); here we use the following representation for the Hypergeometric function (cf. [31, 29] ):
F (n, n; 2n; η) = z
We shall continue, however, to identify the electric charge Q with (2.12), -that is, Proof. We first note that the choice (C.2) of the electric charge requires substituting ζ by 2ζ in the second argument of the characters K λ (., .; 8) (2.15a).
According to ref. [21] there are 4 S invariants made out of K λ (τ, 2ζ; 8) (and their conjugate) for which the chiral algebra is unextended and the number of superselection sectors is 8. They can be labeled by an integer l mod 8 satisfying l 2 = 1 mod 8 and are given by The argument of Gannon [21] then proves that there are no other S invariants. Remark C1. Note that Gannon 1 [21] (see, in particular, Example 2 of Section 4) identifies rank 2 charge lattices obtained from each other by a rotation by π and hence views partition functions differing only in the sign of l as equivalent. In his count there are, therefore, 3 × 2 (rather than 5 × 3) factorizable and 2 (rather than 4) non-factorizable invariants. We shall see that some of the partition functions, viewed as equivalent in [21] , actually differ in their U − V transformation properties. which is only satisfied for l = 1, −3. The same is true for the invariants (C.8).
Given that the electric charge vector (C.2) has no projection in the direction of e 2 one can view a reflection of the e 2 axis as a symmetry and regard as indistinguishable theories obtained from one another by such a reflection (they indeed have identical partition functions Proof. Identifying the two modular invariants (C.6) we remain with 6 out of 9 factorizable partition functions. To verify that Z 1,L (τ, ζ) = Z −3,L (τ, ζ) we note that 
